
A 


C O U U S E 

OF 

M A T H E M A T I C S. 

BY 

HOEKK WROXS KJ. 

TRANSLATED FROM THE ORIGINAL FRENCH, UNDER THE IMMEDIATE 

INSPECTION OF THE AVT1IOK. 


LONDON : 

SAMUEL CACSTEH, If., PATERNOSTER ROW. 


1821 . 




(fyl-p:: 

■V 


"bUnS 


rl,,«-kfll i.nd .\rnv.w;Guh, Johi^’.i Couit, Fleet Street, I^r.dor 



TO 


HIS IMPERIAL MAJESTY 
ALEXANDER I. 

\( TOCRAT OP AM* THE Rl'SSIAS, 


AND 

KING OF POLAND , 

tHH Work it 

WITH PROFOUND RESPECT 

DrtJiratctJ 


BY his most HCMnr.r, 

S10*T OBEDIENT SERVANT, 

AND FAITHFUL SUBJECT, 


HOENE WROXSKf. 



MATHEMATICAL WORKS BV THE ACTHOH. 


lutrodcctiun t\ I« Fbiloso|di»c des Mftthemiuiq»i«?% (JM1). 

Rr.soltiiion Gt'iifrnle dirs Equation^ do tous lt-:> l^rtfs (1812). 

Relutatiuu dc la Tbcvrir deb FuixiliOR* Anolybques »!<*• I (1812). 

Philuv-l lilt dr* I’ll fu:» ( lh 14.) 

I'lulo'Ophie ite la TerlmiL* ; Premiere Section, ront»*nnm la L«»i Supreme <k**MHUirm<iliqiie»( I b 15 1 . 
Idem, Seromle Section, conteuaut Irs Lois di*s Series, commo Pivpnrnllou I» In llrforme dr* 
IVIathe.matMjuCfi ( Ihltf et ISJ7). 

CritiqiH* dp la Theori.* <Vs Foncllotii Genera tnce< do Liqduce ( IMA). 



INTRODUCTION 


TO A 

COURSE OF MATHEMATICS. 


At all times the Mathematical Sciences have formed the basis 
of positive knowledge to man. In fact, who knows not this 
celebrated inscription of the ancient philosophy : 

OTARI'S ‘AI'EOME TPHTOE ’EISl'TO ; 

und who can doubt, that the modern progress in the dcvelone- 
ment of human knowledge is due, directly, or at least indirectly, 
to the correspondent progress of the mathematical sciences? 

In these days, all real knowledge, all positivo science, and 
even all the arts whatsoever, if they are not founded, entirely 
or in part, on mathematical knowledge, are allied to it, or at 
least, traced out after its model. 

Thus Philosophy, in all its brunches, from the humble Psycho- 
logy to the proud Ontology, seeks to model its certainty on 
that of mathematical knowledge. Logic may altogether be 
possibly reduced to the form of the same knowledge, and thereby 
acquire considerable simplicity. Even Theology endeavours, in 
the method which it pursues, to follow the secure march of the 
geometer. 

Natural History is allowedly connected with Geography; and 
the latter is founded on the Mathematics. It may be even the 
case, that the methods of classification in Natural History, may 
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one day become a direct object of the Mathematics, to receive 
from them at last, in a decisive manner, that character, so va- 
luable, and so much in request, which should constitute them 
natural, methods. 

Moral History, as Well political as religious, is founded on 
Chronology; and the latter is a direct object of the Mathematics. 

Physics, in the true acceptation, as the science of the moving 
forces of matter, ought to be subject to algorithmic processes, to 
be able to discover the' true laws of those forces, which, as phoro- 
nomic, are obviously mathematical. 

Mechanics, in every branch, Statics and Dynamics, Hydros- 
tatics and Hydraulics, Aerostatics and Anemometry, form con- 
fessedly a part of the Mathematics. 

' Thus also Optics, in every: branchy Perspective, Catoptrics, 
and Dioptrics; form -a part of the Mathematics. t 

Chemistry, in the true acceptation, as the science of. the con- 
stituent forces of matter, cannot establish positive results, unless 
by a species of chemical statics;— ^-by stechiometry j and "in this 
respect, it yet awaits a decisive success in a future application 
of the Mathematics. 

Geology and Meteorology also depend on the. Mathematical 
Sciences,’ which alone can determine, on the one hand, the figure 
and mechanical structure of the Earth, and, on the other, the 
equilibrium and mechanical construction of the Atmosphere. 

Cosmology, and- particularly Astronomy and Celestial Me- 
chanics, eminently appertain to the Mathematics. 

In the Medical Sciences, and especially in Physiology and 
Pathology, all the mechfitfic functions of- organised beings, such 
as the movements of "solids' and the ! circulation of liquids, are 
manifestly within the province of the Mathematics.- — Perhaps^ 
even one day, the vital forces themselves will be established ma- 
thematically, in determining, by Algorithmy, the intensity of 
these forces, and the laws of their action. 
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In-the-Political Sciences, all that concerns the cnumeratipQoipf 
facts, such as population, revenue, &c. already forms a part .of 
the Mathematics, known under the name of Political Arithmetic, 
Nay more, a species of political statics, — namely, an estimate of 
the resources of states, has been introduce^,; under the name of 
Statistics, into political sciences; and in this respect, these sciences 
cannot equally attain a decisive success, but by a future applica- 
tion of the Mathematics. 

In the Archeological and Philological sciencos, ; some know- 
ledge of the Mathematics is indispensable, in order to appreciate 
the mathematical character ©f historical , monuments, and , of 
literary documents. 

Even in Language and Glottology, ,a knowledge, of the Ma- 
thematics will one day become i useful, and possibly even neces- 
sary, to calculate the probability of derivations. 

In the Fine Arts, all that does not depend upon taste, which 
constitutes the principal faculty, and consequently, ull that is sub- 
mitted to the rules of the understanding, that is to say, all that 
is accessary, but at the same time indispensable, in those arts, 
belongs in a great measure to the Mathematics. Thus, perspec- 
tive in Painting, equilibrium in Sculpture, construction in Archi- 
tecture, even rythm in Poetry, but abqve all, harmony in Music, 
arc allowedly within the jurisdiction , of the Mathematics; the 
latter under the particular name of Acoustics. 

In the Liberal Arts, such as Geodesy, Gnomonics, Navigation, 
Architecture, civil, military, and naval, Ac. the principal mean 
is supplied by the Mathematics. - 

In the Mechanic Arts, which form the object of Agronomy;, 
of Technology, and of Commerce, a great part of the process 
is regulated by the mathematical sciences, particularly by Stere- 
otoiny, Areometry, descriptive, Geometry, and, at all times, by 
Arithmetic. 

lu the Military Art, from Tactics the most detailed, to Stra- 
ti 2 
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tology the most complicated, as well by land as by sea, every 
branch is determined by the 'Mathematics. Fortification and 
Gunnery demand more especially a well-grounded study of those 
sciences; above all, in the latter, the science of projectiles', known 
under the name of Ballistics, stands in need of the higher 1 ma- 
thematical principles. 

Finally, in 1 the pragmatical or general arts of life, which, exer- 
cise a sway over the will of -man, from the diplomatic, which 
determine his political- connexions, to the domestic, which govern 
his social relations, a* powerful auxiliary, fitted to calculate the 
chances of events, is offered by the Mathematics in- the Theory of 
Probabilities. . r . nui- 

• Thus, as wc have asserted, all real knowledge, all positive 
science, and all ails whatsoever, if they are not founded, entirely 
or in part, on mathematical knowledge, are allied to it, or at least 
traced out after its model. 

The study of the Mathematids becomes thus of. a high, not to 
say of the first, importance in the developement of human know- 
ledge. It ought, therefore, incontestibly, nftcr the due culture 
of the moral and religious sentiments, to form the principal object 
of education . 1 It ought, even more, to form, for every man who 
enters on a literary career, and generally for every enlightened 
man, the principal instrument of his knowledge. 

It is obvious, in fact, from what has been just- observed on the 
nfluenee of the Mathematics, thut where they are not studied, no 
branch of human knowledge can be cultivated to perfection. 
Thus, deeply feeling this universal influence of the Mathematics, 
we are not apprehensive of 1 violating truth in maintaining, that 
not only on the porticos of the temple of Philosophy, but, gene- 
rally speaking, on those of all science, the above-mentioned in- 
scription of Pythagoras ought to be fixed : 

LET NO ONE ENTER WHO IS NOT A GEOMETER l 

It may be possibly objected, that in many sciences there have 
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been men, who, without any knowledge of the Mathematics, 
' have made a considerable progress. In subscribing fully to this 
Jlruth, it may ibe answered, ' that the [want of mathematical know- 
, ledge in such men isian incalculable loss;,, as it is not possible to 
determine) the point, still further advanced* tp which these superior 
.men would have' infallibly carried those sciences, had they im- 
proved their mind with the/ study of *, mathematical science. 

We have no fear, on this head, of wounding the inward con- 
.viction of the reader ; the profound respect with which mathema- 
tical truths : inspire : every enlightened man guarantees r the- fact. 
. Every body admits the immense utility, and the indefinite exten- 
sion of the mathematical sciences; and from thence, there is but n 
single step to acknowledge that universal influence of those sciences 
upon the knowledge of man which has been just intimated. 

Notwithstanding.this great utility and- unbounded influence of 
.the Mathematics, there yet exists not a' systematical course, cal- 
culated to guidelthe inquirer, through every gradation, from the 
simplest elements to the most sublime truths; as: now. subjected to 
w mankind :in the vast domain of 1 knowledge ,f Such a systematical 
course it is proposed to publish in the present work, ?-• 

lint previously) to proceeding to a deduction of the different 
-parts of this •Course,* in dfcrder to render it legitimate in the eyes of 
mathematicians themselves, we ought to determine the actual state 
of the Mathematics. This may be, indeed, easily effected, in re- 
capitulating the progress of the devclopemont of those sciences, 
from the highest, antiquity to the present day ; such as we - have 
traced them; irf 'the philosophic review of the history of the Ma- 
thematics*, on which wo have founded an address to the British 
. Board of Longitude*. 

. » . J: / A i " » . * fi . '* *S f ■ I ** *! i ' * ,. »i . V i 

* Address of M. II. Wronskj tQ.tho^. British Board of Longitudo, upon tho actual 
.State. of the Mathematics, tl :c*ir Reform, and upon the New Celestial Mechanic-, giving 
the definitive Solution of the Problem c-f Longitude. London, 1820. Egertun, 30, 
Charing Cross, 
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In fact, it clearly results froimllfis -philosophic review,; first, itb at 
previously to arriving' at the presejiti epoch,; the- (Mathematics-have 
passed through four grand periods^ iin .which : .they have. remained 
constantly subject to principles' -purely relative. -It thence iresu Its, 
not less clearly; that, in ourown day», : a general tendency towards 
absolute principles has manifested itself in the mathematical sciences; 
and that, unless we are much deceived, ; this higher tendency is 
already realised, ;■>' ■>- 1 " ' ' • 4 ". 

Such, therefore, is the actual state of the Mathematics, by which 
we ought to determine both the necessity and themature of the 
systematical Course of those sciences, -which we announce in this 
programme, and which we are particularly desirous of legitimating, 
in the eyes- of geometers themselves.— But, thei better to establish 
this foundation for the* present deduction, Jet us glance rapidly over 
the progress of those sciences, just intimated, -and (list, with preci- 
sion, the relative ‘character of each of the four earlier periods, oh 
the one hand, and the absolute character of theMathematics of the 
present day, on 'the other., jii.. : i 

In the first period, in which the Eastern world and :ancient 
Egypt bore a part, the Mathematics were cultivated but in con- 
crete, that is to say, mathematical truths. could riot be recognized 
in themselves, or in abstracto : . these truths were then riot per- 
ceived, unless in the objects of nature, which are -ever governed, 
in their reality, by mathematical laws. Thus, measuringethe angles 
of a great number of triangular. I figures or surfaces, they Were 
thence enabled to perceive, that ' the sum of their angles .always 
formed two. right angles; but the necessity of this mathematical 
truth, that the three angles.of n.trinngle arc equal. to two right 
angles, considered in itself, and abstractedly from every measure, 
and even from every triangular figure, could not be yet perceived, 
in this antient period, or this first essay of human science. 

In the second period, in which Greece bore a part, from Thales 
and Pythagoras to the school of Alexandria, the cultivation of 
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the Mathematics :\vas- progressively carried to the- highest- abstrac- 
tions; but the truths conquered' by , thn 'assiduity of this more 
advanced period' formed purely particular- facts,- arid had not yet. ^ 
attained ' thei character of general laws. Thus; for instahee, the, 
properties of conic •; sections w.eren determined separately,, as- so 
many distinct facts*,: in the circle,- the ellipse,' the- parabola, and 
the hyperbola ; but- thesd" properties were not I yet >. embraced by a 
general law. ~ 1 '' - • 

In the third period;iivhich commences with the revival of letters 
in Europe, and whiehydn developing itself, extended fr.om'Cardan, 
Bombelli,- Fermat and' Descartes, to Kepler;- Cavallef i and Wallis, 
the cultivation of the Mathematics rose to the consideration of 
general laws, that is tdesay, to the -devClopement of Algebra. 
Rut thfe results \v'hich were- (obtained iin this hew period, though 
they were very general,: formed hut! isolated truths, or, in some 
respects,' individual' Mathematical products:!. The generation itself 
of these results, and especially the universal generation of quan- 
tities, wholly remained unknown. Thus; for example, the disco- 
very was then made ■'•of- the general expressions of the .roots of 
equations of the third anti- fourth degriee, hut- no idea.avas formed 
of the universal generation of thesei respective roots, nor .even 
of what is now- called their de-velopoment in series. 

Finally, in the fourth period, which is that of the modern Ma- 
thematics, and which was founded by* Newton arid Leibnitz, this 
universal generation of quantities; so long unknown, was revealed 
to man, in the calculation of fluxions, or, what amounts to the 
same thing, in -the differential calculus. Then-only, having become 
masters of the first elements of quantities, mathematicians couhl 
proceed in- the useful application of the science to all the pheno- 
mena of nature; tho numberless results of this application, more 
especially in the Celestial Mechanics, have astonished the world,. 


• The word fnel is here taken in opposition to laic. — Tr. 
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so that we are not now. called upon tormngnify.tiieir importance. 
Unfortunately, ' hotwithstahding bthisqapparerit productiveness, a 
single universal instrument,: namely usage <of seYieSj determined 
by the theorem of Taylor, .was, for. a long-time,. theionly powerful 
mean of the • modern Mathematics. Even . at, the present; day, 
many celebrated 'geometers, do not know;! or can not employ, 
mure than this single instrument. . Nevertheless; immense advances 
have been made in this new career; Lagrange, by means, of 7ii» 
theorem, has extended to the resolution, of '.equations .this universal 
usage of' series, and has thus giyeh.it a new aspect; Euler, who 
first perceived its insufficiency, has introduced,- by means of his 
new continual fractions, a second universal instrument ; Laplnee, 
who perceived beyond this the want of a higher support, has 
further introduced, by means of his generating functions, a -third 
and like instrument; in line, by an abuse, on which -we. shall touch 
by and by, Arbogast, and even Lagrange, wishing to .bring back 
everything to the developement of -.functions, r ha,ve imagined, the 
one tinder the name of derivation s, and, the other, under that of 
analytical functions , two new instruments, which though inexact 
in their principles, have yet been not without effect in extending 
the sphere of the modern Mathematics, as advancing its boundaries 
to the point, where they are found at the present day. 

Such are the ’precise characteristics of the developement of the 
mathematical sciences, from the commencement of their cultiva- 
tion down to our own times. But in, examining these, progressive 
characteristics, in the point of absolute view, • that isfo say, under 
the aspect of the .’unconditional truth of the principles, .-it is di- 
rectly perceptible, that, even in the last, developetbent^- — that state 
to which the Mathematics have arrived in our times, in fixing 
their principles in the generation itself of quantities, — these 
sciences still remain subject to principles . purely relative. In fact, 
the diversity of the modes of this generation, determined by the 
different algorithmic instruments which we we have just men- 
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turned, and, generally speaking, t he indefinite variety of mathe- 
matical propositions, which are often heterogeneous, and which 
cannot he generally deduced from one another, bears convicting 
testimony of the absence of an absolute principle in the science. 


This want, which we have more fully indicated in the above 
cited Address, from whence the present recapitulation is drawn, 
was already felt, in the last developement of the modern Mathe- 
matics.-- TCuler apparently intimates it, in the remarkable words, 
ciam aperity which he uses, on the occasion of his new continual 
fractions*. But it is to Laplace that the honour is due, of having 
openly signified it, and of having been the first who sought to 
introduce into the science an universal principle, by means ot bis 
theory of generating functions, where he says expressly, that 
there ought to be “ a general and simple way of regarding this 
branch of Analysis'-}-.” Tn fine, almost all the geometers of our 
days have manifested the same tendency, in seeking to bring back 
the mathematical sciences to an universal principle; and, as if 
often happens, this higher tendency has degenerated into abuse, 
and has thus produced, among other results, Arbcgast’s calculation 
of derivations, and Lagrange’s theory of analytical functions. 

The present is no place to examine the dilicrent degrees of 
value to be attached to those different attempts which have been 
made to give to science an absolute principle. Nevertheless, we 
may admit, in order lo this appreciation, the rule consisting in 
this - that such an absolute, and, consequently, universal principle, 
when it is established, ought to embrace the entire compass of the 
science. And according to this rule, which appears incontestable 
lo us, we believe a recent production may be adduced, which, 
under the title of the Techny^ of (he Mathematics^ has established, 
in its entire reality, such an absolute and universal principle, in 


• N ova Ada ArnJ. Potrop. Tun. II. 

Mein. tic YAri.il ilc P:ir;^, pour I77U. 

I As oppr-<*t! lo I fic 'ihn.nj ol the Mat hull atics. 


C 
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deducing, effectively, from this single principle, all the modern 
mathematics, which, us it is notorious, embrace the entire science. 

Such n result, more especially when the infinite consequences of it 
are calculated, will appear little credible on our part ; wo thus find 
ourselves obliged to offer u proof of the assertion. We may indeed 
easily effect it, in alleging, to this purpose, the opinion of the 
Institute of France, urged by Lagrange, the first of geometers of 
the present day, and by Lacroix, the most erudite of modern 
mathematicians. In a report made upon the universal principle 
in question, and adopted by the learned body whose testimony 
we allege, the following is, in fact, the expression of this decisive 
opinion : — 

“ But that- which h;is struck your commissioners, in the memoir 
of the author, is this, that he draws, from his formula, nil those 
that are known for the developement of functions, (that is to say, 
all the modern mathematics,) and that they arc but very pahti- 
C HI. All CASHS Of it. 

(Signed) “ Lagkange and Lacuoix.” ; a : 

We further hope, that they who have penetrated the depth of 
this Techny of the Mathematics, especially with the aid of what 
will be said in the present Course, will add to this opinion of the 
Institute of France the conviction, that all the ulterior and future 
developements of the science will be but very particular cases of the 
same universal principle. 

Such, then, is the actual state of the Mathematics; and it is from 
this state, thus legitimated in the eyes of geometers themselves, 
that we ought to determine the actual necessity, and the nature of 
the systematical course, which we propose. Lo publish. 

* See the Moniteur of Nov. 15, 1SJ0. Wc nre gratified in frequently citing Ihi'- 
testimony so decisive, and shall ngain produce it elsewhere, in order to perpetuate, in sonic 
tort, a remembrance if the benevolence of geometers, contemporary with the author- 
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Now, from this deduction, respecting the state of the Mathe- 
matics, it manifestly results, that, at present, these sciences are 
composed of two parts essentially distinct, namely, the Theory and 
the Techny of the Mathematics. Tn fact, the three first periods of 
the cultivation of these sciences at first developed the simple 
individual existence of quantities; and therein lies the object of 
the theory. But the fourth period, particularly in its last part, 
since the theorem of Taylor, lias already led to establish the 
generation, and particularly the universal generation of quantities; 
and therein lies the object of the techny. 

Thus, according to this historical deduction, which is the only 
one that could be followed in this Introduction, the Theory of the 
Mathematics ought to determine the individual existence of quan- 
tities, and particularly the various isolated and distinct modes of 
this existence. For example, addition and subtraction, multipli- 
cation and division, powers and roots, Arc. Ac. are so many 
distinct, and, in some respects, heterogeneous modes of the exist- 
ence of quantities ; modes which, in their generality, cannot be 
deduced from one another. And it is the systematical determination 
of these isolated inodes, and expressly the determination of their 
respective conceptions, of their fundamental laws, and their parti- 
cular circumstances, that ought to form the object of the theory. 

On the contrary, according to the same historical deduction, 
the Techny of the Mathematics ought to determine the universal 
generation of quantities, and particularly the different progres- 
sive instruments of this generation, from the most simple to the 
supreme law itself of the Mathematics, which last ought neces- 
sarily, and at once, to form the universal instrument, and absolute 
principle of these sciences. Thus, for example, series, continual 
fractions, infinite products, Ac. Ac. are so many progressive in- 
struments of the universal generation of quantities, constituting 
the approach to the supreme law of this generation. And it is 

c 2 
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i he systematical determination of. these various universal instru- 
ments, and finally of the supreme law of the Mathematics, which 
ought to form the object of the Techny. 

Nevertheless, although we haVe as yet been able to follow, in 
this preliminary determination of the Mathematics, nothing else 
but the historical deduction which has conducted us to the grand 
classification of these sciences in theory and in techny, we are 
already able, from the historical character of these two classes, 
to superinduce their philosophical character, and thus to form a 
more exalted idea, not only of what is truly the present state of 
the Mathematics, but, beyond this, of what will be their future 
and absolute state. 


In fact, let any one, however slightly, examine the respective 
nature of the Theory and the Techny, such as we have just de- 
termined them it posteriori, and it will be easily perceived that 
the first, which bears upon the individual existence of quantities, 
receives every filing from the reality of the entities constituting 
the universe, and that the second, which bears upon the universal 
generation of quantities, derives every thing from the reason of 
man. Individual quantities, or the isolated modes of their exist- 
ence, manifestly form a pari of the reality of the entities, in which 
these quantities are in some sort embodied; for example, the 
root, of the number two, viz. Y'2, is found, it may be so said, em- 
bodied in the relation of the side to the diagonal of every square. 
Rut, this is not the case in the universal generation of quantities; 
the instruments of this generation cannot make a part of the 
reality of entities, because in this reality all is already produced, 
t hat is to say, the generation itself is there already achieved, and 
consequently the instruments have disappeared. This universal 
generation, and particularly these instruments, can then only 
form a part of the reason of man, which can alone determine the 
unknown conditions of the existence of entities, and, namely, in 
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tlio present case, the conditions of their numerical existence, 
constituting the universal generation of quantities. For example, 
the generation of the above-mentioned root of the number two, 
and particularly the instrument of this universal generation which 
is offered in the continual fraction, 

1 

l 

2 -t- 1 

2+1 
2 + 1 

*2 ]■ kc. 


is a product of the reason of man, resulting, under a geometrical 
view, from the continual and indefinite comparison of the side 
and diagonal of the square. 

It follows from this philosophical determination, that all that 
is the object of the Theory of the Mathematics, that is to say, 
the individual existence of quantities, as already forming an effec- 
tive part of the reality of the world, has no need, in order to 
subsist, of any participation of man, whose reason can but recog- 
nise this effective existence. But, it equally follows, from the 
same philosophical determination, that all that is the object of 
the Techny of the Mathematics, that is lo say, the universal 
generation of quantities, cannot subsist without the participation 
of man, whose reason alone can form the different instruments 
of this generation. 

Thus, the Techny of the Mathematics, being obliged to create 
these different instruments of the generation of quantities, should 


thereby determine the conditions themselves 


of their existence ; 


for these conditions can be manifestly nothing else but the 


generation of quantities. The Techny of the Mathematics 
becomes, therefore, of the highest importance ; it alone can lay 
the foundation, in a decisive manner, of the mathematical sciences, 
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and it alone can secure to them an unbounded application. In 
fact, on the one side, the absolute principle of the Mat hematics, 
which should lay the foundation of these sciences, and give to ull 
their constituent parts an unconditional value, can be nothing else 
but the universal instrument of' the generation of quantities; and, 
as we have seen above, this universal instrument, forming the 
supreme law of the Mathematics, can be discovered solely by the 
Techny, which alone can and ought to create it. And, on the 
other side, the infallible mean of the Mathematics, which ought 
to secure to these sciences an unbounded application, can equally 
be nothing else but this universal instrument itself of the gene- 
ration of quantities, which, thus forming the supreme method of 
the Mathematics, cannot, as we have already said, be discovered 
but by the Techny, which alone, to repeat it once more, can and 
ought to create it. 

This superior determination, concerning the destination of the 
Techny, enables us to discover, with sufficient certainty, the future 
state of the Mathematics ; and it is precisely for the attainment of 
this higher end, that we have raised ourselves to this elevated point 
of view, from which alone the future state of the science can be 
perceived, which it imports us to know, in determining a syste- 
matical course of the science. Now, according to this destina- 
tion of the Techny, it is manifest, that, henceforth, the Mathe- 
matics shall endeavour to bring all their truths and ull their pro- 
cesses under the supreme law itself, which forms the absolute 
principle and the universal instrument of these sciences. In fact, 
as we have already stated in the Address to the Hoard of 
Longitude of Great Britain the reason of man will demand 
“ henceforth, that all mathematical truths be deduced from this 
“ single law: she will not be satisfied, nor will deem any problem 
“ resolved, but when it shall be derived from this only principle, 
“ which alone will have the right to impart absolute certainty 
Ct satisfactory to her. And it is this universal and explicit subor- 
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<c d illation of the science to its absolute principle, which shall 
“ form the fifth and last period of the Mathematics” 

Thus have we attained a complete determination of the state 
of the Mathematics, not only that in which they have been before 
the present epoch, hut further, that in which they will he after 
this epoch. We know that these sciences have already passed 
through four periods, and that it yet awaits them, to pass through 
a fifth and last period. We know, more especially, that passing 
from the first to the second period, the Mathematics were raised 
from the concrete to the abstract ; that passing from the second 
to the third period, they were raised from the particular to the 
general; that passing from the third to the fourth period, they 
were raised from the individual to the icniversal ; and, in line, 
that to pass fom the fourth to the fifth period, these sciences 
should be raised from the relative to the absolute. 

We know further, in consequence of the preceding determina- 
tion of the general state of the Mathematics, that making abstrac- 
tion of their progressive developement, in the five periods, these 
sciences divide themselves into two grand classes, the Theory and 
the Techny y which are essentially distinct from each other. Wo 
know equally, that the first of these classes, the Theory, has for its 
object the simple individual existence of quantities, and conse- 
quently, that it possesses its object, in the reality of the entities of 
the universe ; and that the second of these two classes, the Techny, 
has for its object the generation itself of these quantities, and conse- 
quently, that it derives its object from the reason of man. 

In fine, to connect this fundamental classification of the ma- 
thematical sciences with thoir progressive developement, in the 
five periods, it is to be remarked here, conformably to what has 
been already advanced above, that the first fundamental class, 
the Theory, comes more especially within the range of the three 
first periods, and that the second fundamental class, the Techny, 



comes more especially within the range of the two last periods of 
the developeinent of those sciences. 

We have actually, therefore, in this general determination of 
the Mathematics, all the necessary data, to be able, with sufficient 
certainty, to determine* exactly the nature and the constituent 
parts of the systematic course of these sciences, such as is requi- 
site in the present state of knowledge, and such as we propose 
to publish in the present work. 

We see, in fact, that, in the dogmatical part, this Course should 
follow, in every particular branch of the Mathematics, the fun- 
damental classification in Theory and in Teehny; that is to say, 

I hat it ought to treat separately, and in their entire extent, the 
Theory and the Teehny of each of these branches. Wo see equally, 
that in itsjiistorical part, this Course should follow, in every par- 
ticular branch of the Mathematics, their progresive developeinent 
in the live periods. 

But, as a simple course, this Treatise of the Mathematics can 
but produce such truths as are already discovered, and is by no 
means pledged to accomplish the sphere of the science, by com- 
pleting the discovery of such truths as remain yet unknown. 
Thus, in these limits, which we could not even undertake to 
transgress ourselves, it cannot be seen how the Course in question 
can be extended to the fifth period, which it ought notwithstand- 
ing to take already into consideration. Happily, in building 
upon the before-mentioned testimony of the Institute of France, 
we may add here, that the Teehny of the Mathematics, which 
is already published, embraces, even to the supreme law, 
the entire system of the universal generation, which should 
be the object of the two last periods of the developeinent 
of the Mathematics. In fact, in this complete system, all the 
different universal instruments, of which that of ' fay lor, of La- 
grange, of Euler, of Laplace, and of Abrogast, are but very 
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particular cases, are already found decisively fixed, and submitted 
to invariable laws. Nay more, in this same system, these various 
universal instruments are already subjected to the supreme law 
of the Mathematics, which is there found effectively established ; 
and, in this positive manner, the science is there carried, in all its 
reality, to Tin: absollti: statu, which is its last term. 

As to the various particular branches of the Mathematics, 
which should form the different constituent parts of the Course 
that is before us, we are not able, in this introduction, to give an 
exact classification of them, because the historical deduction of 
these sciences, which is that alone that we could at present follow, 
is insufficient for such a classification. In fact, the* scientific 
determination of the dilferent branches of the Mathematics, in 
such a manner that the respective definitions should be deduced 
from certain principles, is already an object of those sciences, 
namely, of their philosophical part, as we shall see in effect in the 
present Course, in which we shall give*, in the requisite place, this 
philosophic classification. 

The sole division, which we could at present introduce into the 
mathematical sciences, is that by which they are distinguished, 
as pure and as applied, that is to say, the distinction known 
under the name of the pure and tlie mixed Mathematics. In fact, 
this distinction results immediately from the abstract and the con- 
crete consideration of the mathematical sciences; and, as we 
know, this double consideration has been successively developed 
in the two first periods. — In the same manner we cannot, in 
building upon the opposition between the particular and the ge- 
neral, resulting from the second and the third period, establish 
any useful distinction, between the different branches of the Ma- 
thematics ; because it would be necessary to be already acquainted 
with those dilferent brunches, in order to know, in what 
respect they could admit of a like ulterior division, depending 
upon the particular and the general consideration of those respec- 
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tive branches. And, as to the opposition of the relative and the 
absolute, which results from the fifth and the four first periods, it 
obviously cannot afford ground for any classification, because it 
tends, as may be said, but to ennoble the various branches of the 
science, in carrying them to their last perfection. 

Now, this single distinction, which we can at present introduce 
into the Mathematics, in considering them separately, as (jure and 
as mixed or applied, is such, by the nature itself of the deduction 
from whence it has been drawn, that we acknowledge at sight 
that all which has been determined above "upon the true state of 
the Mathematics, is to be principally understood of the pure 
branches of these sciences. Thus, every branch of the pure Ma- 
thematics, which we shall determine in the philosophical classifi- 
cation, ought to have its theory and its teehny, in the full extent 
in which we have developed these two fundamental classes of ma- 
thematical knowledge. 

As to the mixed Mathematics, of which we have taken a review 
at (he commencement of this introduction, and the various branches 
of which we shall equally determine, by an exact philosophical 
classification, they are manifestly but a reproduction in concreto 
of the different branches of the pure Mathematics; in such a 
manner that all that appertains to the latter, and properly consti- 
tutes the true state of the Mathematics, is found simply reproduced 
in the mixed branches, of which we are speaking. We have, 
therefore, no need to attach here any special consideration to the 
mixed Mathematics, unless it be to determine their distinctive 
nature, as far as it results from the grand classification of mathe- 
matical knowledge in theory and in teehny. 

Now, under this view, it is at first sight manifest, that it is 
principally from the teehny that the mixed Mathematics receive 
their instruments; for the phenomena of nature to which these 
sciences are applied, are, in some respects, in a continual fluxion 
or generation, and their numerical reality can thus be seized only 
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in its generation, which latter is the object of t ho techny. In the 
next place, according to what we have observed above, concerning 
the unbounded application of the Mathematics, and further, con- 
cerning their future and absolute state, it is likewise manifest, that 
(lie only infallible mean of the mixed Mathematics consists in the 
universal instrument which is offered by the supreme law, to 
which, as we have observed, not only every truth, but every 
process of the Mathematics ought to he reduced. 

We can easily establish this double assertion by positive facts, 
and thus throw a greater light upon this distinctive nature of the 
mixed mathematics as principally depending upon the techny. 

In the first place, with respect to the assertion that the mixed 
mathematics receive principally from the techny their different 
processes, it is notorious, that the greatest part of the phenomena 
of nature present themselves to the geometer, but in their instan- 
taneous, or at the most, their finite generation, and that the 
remainder of these phenomena, in undergoing the application of 
the Mathematics, always imply, as a principle, a like generation. 
Thus it is, that the greater part of the questions of mixed mathe- 
matics, are found immediately expressed by means of fluxions, or 
of differentials, or at the most, by means of finite differences, 
which differentials and differences are confessedly the elements of 
the generation of quantities ; and the remainder of these questions 
always involve, as principles, these same differentials and differ- 
ences. Now, according to the determination which has been 
proposed above, the techny is precisely that part of the Mathe- 
matics which determines the generation of quantities by means of 
the elements of this generation ; or to express ourselves in the 
language of geometers, when the differentials or differences of 
any unknown quantity arc given, directly or indirectly, by them- 
selves or by equations, (he techny of the mathematics determines 
all the different possible inodes of (lie generation of that quantity, 
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by means of these elements, which arc given. Such, in fact, is 
the distinctive nature of the techny, at least in algoriihmy, that 
it is engaged solely upon the ‘generation of quantities, by means 
of their differentials or their differences, that is to say, by means 
of their primary or secondary elements. And consequently, it is 
from this part of the Mathematics, that the mixed branches of 
these sciences principally receive their different instruments or 
processes. 

In the next place, with respect to the assertion, that in their 
future developement, the mixed mathematics will receive an in- 
terminable extension, or an infallible mean, in deducing all their 
processes from the supreme law itself, which must give them that 
absolute power which is the object of their accomplishment in the 
fifth, period, we cannot go so far eis to allege a testimony, as con- 
clusive as that of the Institute of France, in favour of the slate of 
the pure mathematics; unless we may here avail ourselves of the 
same testimony, in observing, that the state of the mixed mathe- 
matics is necessarily regulated by (hat of the pure mathematics, 
and consequently, that the accomplishment of the latter brings 
along with it the correspondent accomplishment of the former- 
Nevertheless, we can, even at present, offer to the public at least a 
presumption in favour of this future accomplishment of the mixed 
mathematics. And we now state, in few words, the grounds on 
which we found this presumption. 

The different branches of the pure mathematics, as we shall see 
in their classification, are — Algorithmy, as (he science of numbers 
— Geometry, as the science of extension, and — Phoronomy, ns (he 
science of motion. Thus, the different branches of the mixed 
mathematics, which, according to what has been seen, are but a 
reproduction in eonento of the pure mathematics, can have no 
oilier object but the algorithmic, the c’eoraetrical, or the phoro- 
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nomic properties, considered separately or conjointly in the phe- 
nomena of the world. 

lint the algorithmic and the geometrical properties of those 
phenomena, as thus considered in concreio , scarcely differ from 
the same properties, considered in abstract*); because, in their 
reality as phenomena, no distinct quality is found joined with 
their respective properties. Thus, such of the branches of the 
mixed mathematics as have for their object merely these two 
species of mathematical properties, such, for example, as, on the 
one side, are commercial arithmetic, political arithmetic, the cal- 
culation of probabilities, &c., and, on the oilier side, geodesy, 
perspective, stereotomy, &c. : these branches, we repeat, scarcely 
differ from the pure Mathematics; and still further, for a reason 
which we shall allege in the scientific classification of Hie Mathe- 
matics, and which wc may provisionally supply by the notoriety 
of the fact, these branches, which are now in question, are very 
limited in their extension. 

This is not the case with the plioronomic properties in the phe- 
nomena of the world : the motion which is the object of these 
properties cannot he considered in concrete, or in the reality of 
the entities, without considering, at the same time, the moving 
force which produces the motion; and this distinct quality, con- 
stituting (he moving force, which is found necessarily joined with 
plioronomic proj>erlies, while they are considered in concreio, 
change? in some respect the nature of those properties, and trans- 
forms them, under the aspect of this combination of motion and 
of force, into mechanic choi'EKTIE-s. Thus, such of the branches 
of the mixed mathematics ns have for their object the plioronomic 
properties in the phenomena of the world, or to speak according 
to what has been just observed, the mechanic properties of these 
phenomena, — these branches, we repeat, differ essentially from tlte 
purer mathematics, through the especial and distinct consideration 
of the moving forces. But further, motion, as that which gene- 
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rally manifests* the existence of matter, is the characteristic of 
every physical reality ; and consequently, the mechanic properties 
resulting from the combined consideration of motion, as the effect, 
and of the moving force, as the cause, constitute the universal 
attributes of the reality of the world. 

From hence it results, that such of the branches of the mixed 
mathematics as have for their object the mechanic properties, 
us we have just determined them, have manifestly an unbounded 
extent, as vast as the universe. And, considering further, that these 
branches differ essentially from the pure mathematics, as we have 
just observed, it will be easily conceived, that they form the prin- 
cipal part of the mixed mathematics, and the only part which 
requires a particular study. 

We shall, therefore, confine ourselves, in tiiis introduction, to 
the consideration of tboso branches of the mixed mathematics, 
which have for their object the mechanic properties of things, 
and we shall distinguish them by the generic name of the phoro- 
n conic sciences* 

Now, following an easy induction from the facts which are 
presented to us in the universe, it will be acknowledged that the 
mechanic properties of bodies, which form the object of the pho- 
ronomic sciences, range themselves gradually under the three fol- 
lowing chesses : 

1. The mechanic construction of matter by means of the moving 
forces. 

2. The mechanic construction of the celestial bodies by means 
of matter. 


• It must be observed, that wo speak of the manifestation cf matter, and not die 
essence of matter. — The former, which is motion, and which falls under the senses, is 
in llu? province of Mathematics \ the latter, which eludes our sense, is an object of Me- 
taphysics. Thus must wr expressly guard Against the oner of extruding the Mathe 
matics, in their application to the phenomena of matter, heyoml tlr.s simple attribute, 
motion, which, r.s we say. h the physical or mathematical manifestation of matter. 
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3. The mechanic construction of the universe by means of the 
celestial bodies. 

The first of these classes forms the general object of mathema- 
tical Physics; the second forms that of ?nalhematical Geology; 
and the third is the general object of mathematical Cosmology. 
Such, then, are the three distinct classes of the phoronomic 
sciences, constituting the principal part of the mixed mathematics, 
which requires here our particular consideration. 

Let us, therefore, see, at least generally, and as far as it is 
necessary, in this introduction to the present Course, what is the 
actual state of those principal branches of the mixed mathematics, 
according to which this systematic Course ought to be regulated. 

At first, as we have already remarked above, these branches of 
the mixed mathematics were not cultivated with success until 
after the incomparable discovery of the differential calculus, or 
fluxions, which has furnished the elements of t he generation cf 
quantities, and consequently the elements of the technic process, 
which, according to what has been observed, supply l lie principal 
instruments of the mixed mathematics. And, by a wonderful 
coincidence, at the same epoch, Newton discovered the grand law 
of nature, which governs the universal attraction of matter, ami 
which, by its introduction, changed at once the destiny of the 
phoronomic sciences, in all their three classes, and chiefly in the 
two last, in mathematical geology and cosmology. 

Unfortunately, afterwards, as we have equally remarked above, 
a single instrument of the generation of quantities, namely, the 
usage of series, continued for a long time, and is still, at this day, 
the universal mean of the phoronomic sciences, and, generally 
speaking, of the mixed mathematics. Thus, the problems of these 
sciences becoming more and more complicated, the insufficiency 
of the precarious mean which they employed, rendered itself more 
and more obvious; and the same celestial mechanics which marked 
the triumph of the Mathematics at the epoch of Newton, openly 
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declare, at the present day, their indisputable incompetency. To 
give a proof of the assertion, it is sufficient to cite, to this effect, 
the testimony of a geometer, who, in our own times, has most 
advanced this' superior branch of the mixed mathematics, in taking 
especially this testimony in reference to such a part of the celestial 
mechanics as has been cultivated with the greatest assiduity, as 
being of the highest and even of an indispensable necessity in 
navigation ; that is to say, in reference to the theory of the 
motion of the moon. In fact, Laplace, whose authority is. in this 
respect incontestable, declares, in the introduction to his lunar 
theory, that the difficulties of this theory result from the very 
small convergence of the series , which serve to determine the 
inequalities of the moon;* and, while discussing that particular 
inequality which, in longitude, depends on t he compression of the 
earth, this illustrious geometer expressly acknowledges “ the 
uncertainty which the small convergence of the approximations 
leaves in the co-efficients of the greater part of the lunar in- 
equalilies.”“j- 

Sueh, then, is the imperfect stale in which the principal 
branches of the mixed mathematics are found, even at the present 
day ; and the cause of this imperfection is plainly found in the 
confined usage of series, or in the circumstance of there being, as 
yet, no usage of other technic processes, which oiler superior instru- 
ments of tin* universal generation of quantities. In fact, notwith- 
standing the remarkable exception which the same geometer, 
whom we have just cited, has made, in solving the problem of 
astronomical refractions, by means of continual fractions, and, in 
thus conquering the difficulties which have remained insurmountable 
in this problem, by means of series: all the branches of the mixed 
mathematics are cultivated, even at the present day, by this single 
precarious instrument, the series, which is a technical process the 
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moat gross, and tfhich is manifestly inadequate to solve the grand 
problems by which the course of science is arrested. 

It therefore became imperative, after the definitive establishment 
of the techny, such as we have intimated above, in which, ull the 
different progressive instruments of the universal generation of 
quantities, even to the supreme law itself, were completely deter- 
mined ; it then became imperative, wo repeat, to introduce into 
the mixed mathematics those superior instruments of the genera- 
tion of quantities. And this it is which the author of this techny 
has effected, in essaying to develope, hy these new means, and, 
above all, by the supreme law, the three classes before-mentioned, 
which form the principal branches of the mixed mathematics. 

The results of these researches have been sufficiently fortunate 
to present, in the two last classes, namely, in mathematical geology 
and cosmology, u positive and immediate utility, especially Idr the 
exact determination of the figure of the Earth, and for the con- 
struction of rigorous tables of the motion of the Moon. Conse- 
quently, full of admiration for the country of Newton, and of 
confidence in the British Board of Longitude, the author presented 
both species. of results to that illustrious institution; and, as a 
sequel to this procedure, so honourable for the author, the new 
aspect of the two correspondent classes of Phoronomics, was 
determined in the Address to the Board, which accompanied these 
positive results. 

Thus, in referring anew to the same. Address, to which we have 
already referred above, for the historical developement of the 
Mathematics, it here only remains, to fix the new aspect of the 
first class of phoronomical sciences, that is to say, of those which 
have for their object the mechanical construction of matter, by 
means of moving forces. — We proceed to effect it, in few words, 
as far as is necessary in this introduction. 

Tn the first place, previously to proceeding to statics and dyna- 
mics, that is to say, to tile consideration of the equilibrium and 
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the motion of bodies, which form so many parts of the first class 
of phoronomic sciences, if is necessury to penetrate into the 
intimate essence* of the mechanic construction of matter itself. 
Unfortunately, the ancient atoms iof Democritus and Epicurus, the 
monads of Leibnitz, - and the integrant particles of Lo Sage and 
the chemists of the present day, revolt against all application of 
the positive science of the Mathematics. We must therefore 
abandon all those hypothetical considerations of atoms, monads, 
and other self-constituted elements of matter, which have no 
reasonable foundation, and whidh, so far from explaining this 
appearance of nature, serve but to- render it more complicated, in 
reducing the general matter which- presents itself to our senses, 
to another matter purely ideal, and more modified than the pre- 
ceding. We must therefore abandon these hypotheses, the rather 
because, when submitted to mathematical calculation, they dis- 
cover the entire unreasonableness which constitutes their real 
essence. 

In order to explain the true construction of matter, it is neces- 
sary to discover, without at nil enquiring into the higher causes 
of it, the moving forces, by virtue of which alone this construc- 
tion takes place; It is necessary to specify these forces, in order 
to expluin, in the first place, the threefold general appeuranco of 
matter, under the form of gas, of fluid, and solid ; and in. the next 
place, their different modifications, such ns the vapours in gas, 
viscosity in fluids, fragility, hardness, &c. in solids. And all these 
explanations ought, to be submitted to mathematical laws, as all 
the other questions of mechanics. 

Now, from this superior, but at the same time simple, considerar 
tion of the construction of matter by means of the moving forces, 

* By the intimate eteence of the mechanic construction of matter, we do not under- 
hand the intimate essence of the creation itself of matter, but simply the mathematical 
nature of matter, that is to say, the concourse and equilibrium of mechanic* forres by 
which 1 matter manifests itself by means of motion, which is its universal attribute. 
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two grand results, no less useful than positive, are very naturally 
deduced ; the one .offering a new theory of fluids, and the other a 
theory of solids. 

S In fact, it is now found, that the old'innthemntical theory of 
fluids, as well in the equilibrium a3 iu the motion, on which such 
numerous results have been founded, is altogether erroneous. 
The condition of the level in the surface of fluids, which was the 
only known condition in the old theory, is insufficient for the 
equilibrium ; the true conditions, either of the equilibrium or the 
motion of fluids, consist in the equality and inequality of the 
moving forces, or what is termed pressure, about every point of the 
fluid mass. And these are the conditions which should be expressed 
mathematically, in order to found a- new theory of fluids. 

As to- a theory of solids, properly so called, there exists not one 
to the : present day, unless we are pleased to consider such the 
theory- of crystalization. By a natural prejudice, we have for a 
long time regarded, and still regard to this hour, the 3olid matter 
as being evident of itself, land, consequently, ns standing in no 
need of ^explanation. And it thencei proceeds, that to explain 
matter generally, in all its other modifications, it has been always 
considered as being formed of solid particles, indefinitely small, 
the reciprocal form and action of which ought, as was pretended, 
to engender all the phenomena of matter. Herein properly, that 
is to say, in this prejudice, lies the origin of nlbthe atomical theo- 
ries, which, to the present day, prevail in the physical sciences. 

Nevertheless, in penetrating mathematically into the depth of 
the question, it is obvious, that to exist -under a solid form, matter 
has need- of new conditions, more complicated than those of its 
existence, under n fluid form. In fact, whence proceeds, in a solid 
mass, the resistance which every point of this mass exerts against 
every force which tends to displace it ; a mechanic resistance which 
exists not in fluids, and which is notoriously the distinctive cha- 
racteristic of solids? Whence proceeds, in the next place, the 
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geometrical figure assumed by the pretended atoms, or, at least, 
the integrant particles of crystals^ which is again one of the dis- 
tinctive characters of solid matter? 

It is the mathematical explanation of these mechanic and distinct- 
ive characters of solid matter that is the object of the theory of 
solids. And this mathematical theory it is that we here announce. 

It may be conceived, that the^'present introduction is not the 
place to produce this theory of solids. Nevertheless, some: desire 
at least may be indulged here to see its possibility. For this pur- 
pose, we can at least say, that this theory depends quite simply on 
the consideration of a new mechanic force, which, like the magnet, 
acts in a determined direction, and always divides itself into two 
poles; in such manner, that as far as there exists such possible di- 
rections, so far there are different integrant particles in the crystals. 
And it is the mathematical determination of these circumstances, 
as well of the geometrical, for the direction of this force, as of the 
mechanical, for its intensity, which constitutes the theory in ques- 
tion, abundantly sufficient to explain all the circumstances of solids. 

As to the theory of gas, it forms a part of the general theory of 
fluids; and, specifically, it forms the particular case of this general 
theory, when the fluids ore considered as being compressible or 
elastic. 

Thus, all the different modes of the mechanic construction of 
matter itself find a scientifical determination ; and then only can 
we proceed to the consideration of the equilibrium of bodies, that 
is to say, to statics, and to the consideration of the motion oi bodies, 
that is to say, to dynamics. 

Now, in these two branches, notwithstanding the great results 
which have been obluined, particularly in the latter times, by 
Kuler, D’Alembert, and Lagrange, it has been necessary to ascend 
to more general principles, with the view of rendering these dif- 
ferent laws more properly mechanic. It has been necessary, on 
the one part, to dismiss the too great influence of geometrical corw 
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siderations, proceeding from the reduction of the mechanic action 
to simple coordinates of space ; and it has been necessary, on the 
other, to obviate the algorithmic difficulties, resulting^ from an 
useless complication of secondary, and purely accessory, principles. 
It has been necessary, besides this, , to distinguish carefully all the 
different principles, in order to avoid confounding those which are 
truly dogmatical, with .those which ure .purely teleological*, such 
as is the famous principle of the least waste of power. y ( lex par - 
simpnuv). , . t 

But what constitutes the distinctive character of thes.e new re- 
sults is, that all statics,- and- all; dynamics, are thus- reduced to a 
single principle, the equality, of action and reaction^ and that, under 
this aspect, the equilibrium and the motion of bodies, always l’orni 
n systematical assemblage,, analogous^to the mechanic construe- 
% tion of matter itself. In this manner, statics and dynamics come 
to range themselves .in .the. same . class with 5 the thepry of iluids, 
and of solids, which we have touched upon above ; .and thus it is 
that the general chiss.of ,phoronomic. sciences, which has for its 
object the mechanic construction of matter, finds itself established- 

In fine, according .to the special determination of this- class ot 
the phoronomic sejopcep, it is manifest, that not only dioptrics and 
catoptrics appertain to this very class, but beyond this, that every 
application of Mathematics to physics, chemistry, and the other 
branches of natural philosophy, equally appertains to this class; 
which has for its general, object the mechanical construction of 
matter. And, consequently, it is manifest, that all the different 
applications of the Mathematics to the physical, sciencos,- whatever 
they may be, will be founded on the single principle of the equality 
. of action and reaction j arul this occurs, in reducing all the phe- 
nomena of nature, as far as regards their effects, to matter as 
manifested in motion , and, as far as regards their causes, to the 
specification and the valuation of the moving forces . 

c 'I hat is to say, depending solely on the final cause of the world. _ • 

t Orig. —La nioindrc action. 
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Such, then, is the new aspect of the first class of phoronomic 
sciences, which remained to bei determined in this introduction. 
Thus, joining to this determination i that of the new aspect of the 
two other classes of these sciences, namely,; of mathematical geo- 
logy and cosmology, such as -we have proposed in the ; Ad dress to 
the Board of Longitude, a sufficient view will be attained of the 
future state of these principal branches of the^mixed Mathematics, 
resulting particularly from the introduction of superior technic 
methods, and especially from the supreme law itself of the- Ma- 
thematics. > ■ > 

U nforturiately , as- we have already regretted above, we cannot 
allege, in favour of the future state of the mixed- mathematics, a 
testimony equally conclusive as ithat of the Institute of France, in 
favour of the future state of the pure mathematics. Nevertheless, 
as we have already equally announced, we may even now ofler to 
the public at least a presumption in favour of this future state of 
the mixed mathematics. 

liv-fact, the author of these productions, desirous of testifying 
liis profound deference' to the learned English, has presented to the 
Royal Society of London a sketch of the new theory of the Earth, 
founded on- the new thoory of fluids.* These results, if true, nro 
of the-highost importance; and, what it essentially concerns us to 
know, these positive results arc pro|>er’to characterise and to 
guarantee 'the now march which is opened in the mixed mathe- 
matics.— -We proceed, in few words, to intimate this importance 
for the present, and this guarantee for the future. 

•Since the discovery of universal attraction, and of the differential 
calculus, -that grand instrument of the modern mathematics, the 
theory of the construction of the earth, and generally of the 
heavenly bodies, has been explored, with unequalled perseverance. 

• A Mrmoirr, bearing date 4lli June, 1 8321, ami entitled, “ Piipuralion a la Itefurnio 
de la Theorie Watliematique lie la Terre;" und nn Appendix, bearing dale 16th July, 
and having for its special object the rigorous demonstration of the hew Theory tf Fluid*. 
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The views of Huyghens and of Newt oft have been pursued tO’the 
entire extent of which they opened the career.- The labours of 
Macla'uriu, Simpson, Poscovich, Clairault, D’Alembert^ Euler, Le- 
gendre, and many other great geometers, have carried these re- 
searches and their results to such a- height, that they forma body 
of imposing tenets. Experiments have been made in profusion, to 
aid reason in the march which appeared to her so interesting. Mul- 
tiplied observations on the length of the pendulum have been made 
under the equator, and in the two hemispheres, from St.- Helena 
to Pello. Not satisfied with the former measures of the earth, 
they undertook new, at a great expence, and with great exactness. 
In almost all civilized countries, and to the very -extremities of 
our globe, immense geodesic operations have, as it were, meshed 
the earth in a net-work, to : surprise it with the secret of its eon- 
"struction. A grand system of mensuration was established on 
these results. Vast topographical operations were founded on the 
same principles, and arc still pursued at the present day, on a mag- 
nificent scale, which does honour to the governments which have 
undertaken them. In a word, no branch of human knowledge 
has been cultivated with so much zeal, or with so many sacrifices. 
Nothing is- comparable to this mass of geodesic knowledge, which 
human exertion has sought to accumulate, from the highest an- 
tiquity to our own times, since the measurement of -Eratosthenes,' 
and that which was undertaken at the command of the Caliph Al- 
mamoun,to the grand measurements lately executed in France, in 
Sweden, in England, and the Indies. In fine, to crown an edifice 
thus sumptuous, Laplace, that privileged favourite of Urania, to 
whom every part of the celestial mechanics is indebted for disco- 
veries, applied himself more particularly to the theory of the con- 
struction of the earth, willing, it may be suid, to vanquish the su- 
perior difficulties, which this fundamental j>art of the system of the 
world presented. The result of these labours has offered a mag- 
nificent assemblage of this knowledge, which is of such high import- 
ance to humanity : this great geometer has developed it by a most 



simple law, which follows the generation of attractions exercised 
by spheroids; and this production, a proud monument of human 
glory, is, beyond contradiction, not second to the most profound, 
in the immense circuit of human knowledge. 

Now, these are the grand results which, in the ftlemoire sub- 
mitted to the Royal Society of London, we announce to be not 
exact, or, to wave politeness, which we declare to be erroneous. 
Such temerity on our part cannot, and ought not to be excused, 
any farther than we can produce rigorous proof of our assertion. 
And, if we do not grossly deceive ourselves, the proof has been, 
in effect, laid before the Royal Society. 

We discover, that all the greater or fundamental results, which 
have been obtained for tho theory of the Earth, under the name 
of theorems, laws, or any other denomination, are all inexact, or 
even erroneous. We further discover that, at this moment, geo- 
meters cannot affirm that they arc, in the least degree, acquainted 
with the figure, and particularly with the internal structure of the 
Earth. We discover, in fine, that the means which are employed, 
according to existing theories, in order to arrive at a knowledge 
of our globe, are not only insufficient, but, beyond this, altogether 
erroneous. — It will depend on our proofs already mentioned, which 
are deposed in the IVleinoire presented to the Royal Society, to 
legitimate these assertions. 

As to the new theory of fluids, which is found in the same 
ISIeinoiro, and more especially in its Appendix, rigorously esta- 
blished on principles purely mathematical, and without the aid of 
any hypothesis whatever, we confine ourselves to the observation, 
that it is precisely from the errors of the ancient theory of fluids, 
that the erroneous opinions proceed on the mechanic construction 
of the celestial bodies, and particularly of tlio Earth ; opinions 
which are professed to this day. Thus, the homogenous elipsoid 
of Newton cannot continue in equilibrium during its rotation. The 
central olipsoid of Iluyghens is altogether contrary to the true 
laws of the equilibrium of fluids. In fine, the general theories. 
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which have 'been established for the celestial bodies having ftii 
elliptic form and eoncentrical strata of the same form, are all 
erroneous; and their fundamental theorem, so much celebrated 
under the name of Clairault’s theorem, is altogether false. 

But, as we have already observed above, what it essentially 
concerns us to know is, that the new results are proper to charac- 
terise and to guarantee the new inarch in the mixed mathematics. 
We can easily prove it by the following considerations. 

By the old theory of fluids it was believed that there existed 
but two conditions for the equilibrium; and consequently, the 
different theories on the construction of the celestial bodies had 
but to fulfil these two conditions, in other respects sufficiently sim- 
ple. Nevertheless, these different theories have not reached the 
general problem of this mechanic construction ; consisting in the 
'consideration of the external form of the celestial bodies, and 
internal distribution of their masses, whatever they might be: 
these theories could not come near this problem, unless in the 
very particular case in which the exterior form of the bodies in 
question is elliptic, and their internal masses distributed in con- 
centrical strata having the same form. Even then these theo- 
ries could not obtain exact results; they could attain, in all cases, 
but to approximations, in consequence of the defective usage of 
series. Thus, their boasted theorem of Clairault is but a like ap- 
proximation, which, even in the erroneous hypothesis of the old 
theory, would not be true, but tor the first degree of magnitude. 

Now, the new theory of fluids, establishing the two old condi- 
tions, adds to them five new, and thus discovers seven conditions 
for the equilibrium of fluids, of which the live last are much more 
complicated than the two first, 'flic new theory of the construction 
of the heavenly bodies, which has been submitted to the Royal 
Society of London, ought, therefore, to satisfy all the seven 
conditions, and in their entire complication. Besides this, it ought 
to solve, in its entire generality, the problem of such mechanic 
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construction, that is to say, for all the heavenly bodies, whatever 
be their figure and internal structure. In fine, this netv theory, 
to guarantee a future and decisive march in the mixed mathematics, 
should be able to obtain, throughout, results indefinitely exact, 
not simple approximations, such as are given by series. 

We now offer the answer to these pretensions, consigned and 
legitimated in the Mernoire itself, which is before the eyes of the 
Koyal Society. 

Ci However great may be these difficulties, however insur- 
mountable they may appear in the actual slate of the Mathematics, 
it is a satisfaction to bo able to announce to geometers, that the 
new theory, such us we have just been in search of, is completely 
established, and all its problems rigorously solved. We adduce 
here an irresistible proof of it, in the new law, which we impart 
to geometers. This law is one of the grand results of the new 
theory; it satisfies all the above-mentioned conditions of the 
equilibrium of fluids; it embraces, in its entire generality, the 
construction of the celestial bodies, whatever may be their figure, 
and the internal distribution of their masses; in line, it offers a 
rigorous determination, by means of finite functions, and not a 
simple approximation, by means of series. As to the fertility of 
this new law, geometers have seen, in this Memoire, with what 
facility, and with what profusion we have thence drawn the new 
results, by which we have replaced all those that lmvo been 
obtained in the old theory, those which it has been obliged to 
give up.” 

“ This is a conjuncture at which we may make geometers 
sensible of the necessity of new mathematical processes, to sur- 
mount difficulties of such magnitude. It is only by a reform of 
the Mathematics, in subjecting these sciences to their supreme laic , 
that it is possible to attain it; at least, as will be seen, it is by fol- 
lowing the spirit of this reform, that we have arrived at a solution 
of these great difficulties.” 

We cannot prevail on ourselves to cite any tiling more from the 



Memoire which is presented to the Royal Society. We shall 
abstain altogether from disclosing any of the new truths which are 
there produced, until this Memoire is received and published by 
this illustrious Society. But we are under an obligation, in this 
introduction to a new Course of Mathematics, in laying our 
foundation on this Memoire, in which our labours are deposited, 
to offer to the public at least a favourable presumption of the 
future accomplishment of the mixed mathematics, analogous to 
that of the pure, for which last we have offered it above, an 
undeniable guarantee. 

Such then, according lo our conviction, and the proofs which 
wc have alleged, are the new and superior views, suitably to which, 
in the actual state of our knowledge, 'a systematic Course of 
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Mathematics ought to be formed. And it is according to these 
new views, that we propose, in effect, to frame and publish the 
Course which we here announce. 

If, us appears to us it can be hardly doubted, these views are 
well founded ; the advantages of this new Course are sufficiently 
great to justify our offering it to the public. In fact, not to speak 
here of the positive, and possibly, the decisive establishment of the 
science, nor even, of its methodical and gradual subordination, 
in the first place, to derivative principles, and in the next, to a 
primitive and even absolute principle ; we shall confine ourselves 
with remarking, among the higher advantages attached to such 
a Course, the extreme facility which it must offer for the study of 
the Mathematics. Jt may be in ell net conceived, according to 
the principles of this Course, that every thing contained in it 
should lie reduced to its proper place, and all be appreciated 
according to its true value, in such a manner that every thing 
which is superfluous or impertinent ought necessarily to disappear, 
to give place to primordial truths, which alone constitute science. 

One immediate consequence of this methodical reduction of 
science to its primordial truths, manifestly is, that the study of 
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such a Course ought to dispense with the study of the numerous 
and voluminous works, in which the mathematical sciences are 
at present dispersed without order, we dare to say, without any 
imperative reason. It may be conceived, in fact, that before I he 
principles of the science were established, each author, tending 
more or less towards absolute principles, invented new ones, and 
thus forced, not only his own labours, but the entire science, under 
the yoke of arbitrary principles. The result has necessarily been a 
disorder, by so much the more repulsive ns the science has received 
an almost unbounded extent ; and these numerous mathematical dis- 
coveries ought to he divested of their heterogeneous envelopes, to 
form out of them a systematical assemblage, submitted to uniform 
and unconditional principles. It is this mathematical chaos that 
we purpose, in the present Course, to disengage from its confusion, 
in ordering every thing according to the supreme law, which 
already proves incontestibly, by its omnipolency, t hat it is the ab- 
solute principle of the mathematical sciences. 

Now, according to this plan, the especial utility of the Course 
in question is easily discovered, inasmuch as it stands related to 
the different degrees of intellectual culture. Hut that every thing 
in this introduction may be determined with clearness and preci- 
sion, we proceed ourselves to decide the especial utility, which 
we propose to attach to this systematical Course. 

In the first place, obligated to ascend quite to principles, and 
consequently to the very elements of mathematical truths, with- 
out admitting gratuitously any tenet of the science, how simple 
and even vulgar soever, the Course before us will thereby become 
eminently elementary : and consequently, it will be within the 
reach of every man, who does not even know the first rules of 
arithmetic. We propose, in fact, thus to place it within the 
reach of every one ; and precisely, that we may offer some pledge 
concerning the new method, we here fix, us a criterion of its 
superiority, the facility with which this Course may he compre- 
hended, to any given degree, by every man who is moderately 
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•cultivated. But, in kindness to these humble students, geometers 
and philosophers will be so indulgent, as to bear with all those 
developeinents and all those details, which may be necessary to 
render the Course truly elementary. 

It is presumed, that the students in this science will not yet 
pretend to understand the present introduction, which requires 
some knowledge of the science itself. This introduction serves 
only to legitimate, in the eyes of geometers and of [philosophers, 
the new view, according to which this systematical Course will be 
established. The task of the student can only commence with 
the Course itself, in the first section of the work. 

In the next place, since, in this Course, all the mathematical 
truths ought to be subordinate to principles more and more ele- 
vated, even to the first and absolute principle, the mathematical 
sciences must thereby receive a definitive determination. Thus, 
a precise signification may be attached to all the different parts 
o£ the Mathematics; and the present Course, if fully answerable 
to our views, will offer, to the geometer, the advantage of a sys- 
tematical establishment of his science, which will enable him to 
discover more easily the just value, the true tendency, and the 
mutual dependance and support of the different branches which 
he proposes to cultivate. Besides this, obligated to uscend, in 
this Course, to the philosophical principles of the mathematical 
truths, the geometer ought to find in them, the double advantage, 
which though accessary is superior, of u precise demarcation 
between the science itself and its philosophy, and of a rigorous 
deduction of the philosophical principles of the mathematical 
sciences. But, for the attainment of this important end, the 
philosopher, for the benefit of the geometer who may be little 
versed in philosophical sciences, will permit our entering into all 
the definitions, expositions, and explanations of philosophical terms 
and propositions, of which we shall have need, to establish the 
philosophy of the Mathematics. 

It may be thus even the case, that the present introduction 
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may not be generally intelligible to nil geometers, at least in the 
slight tincture of philosophy which it contains. Hut this is a 
necessary defect, to which precisely no other remedy can be 
applied but the Course itself. In fact, the legitimation of this 
Course, in the present introduction, cannot and ought not to be 
addressed unless to the geometer who is a philosopher. 

In fine, with a view to establish the philosophy itself of the 
Mathematics, we shall he obliged, in the Course which we propose 
to publish, to touch upon the wide range of human knowledge, 
in order to detach scientifically from it the higher part which 
constitutes mathematical knowledge. It will be necessary, in fact, 
to distinguish this particular knowledge from the rest of the 
knowledge of man : it will he necessary to determine its precise 
character, in order to establish the conditions of the evidence, 
which is attached to mathematical truths, and which gives them 
that higher certainty, which is a model for all certainty in human 
knowledge. It will he necessary, in fine, in making use of this 
distinctive character of the mathematics, which is always u security 
against error, to discover the true system of mathematical know- 
ledge, and thus establish a model for an absolute system of the 
knowledge of man, according to which mathematical knowledge 
ought to be regulated. We shall thus offer, in this Course, to the 
philosopher himself, the advantage of being at length able to 
determine that absolute system of human knowledge, which is the 
object of his never-ceasing researches. 

Ilut it should lie here particularly remarked, that, according to 
what we have just said, the only philosophical principle, that is to 
say, the only rule that we shall employ in these deductions, is the 
evidence of mathematical truth , which is perfectly competent to 
determine all circumstances, as well the scientific ns the philoso- 
phical, in this order of truths. We have no need in Mathematics 
of the particular assistance of any system of philosophy ; wc ought 
therefore to declare expressly here, that, in this Course, we shall 
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not adopt any philosophical system whatever: 'all those systems 
are to us alike indifferent. 

From the philosophical sciences we shall borrow nothing more 
than the logical processes, such as the definition, or rather con- 
struction when conceptions are to be formed, the determination of 
the methods to he followed, and the specification of the proposit ions 
to be detailed ; but we shall thus avail ourselves of those processes 
only so far as they aro employed in cnucrilo in the Mathematics, 
and thus participate in the evidence which these sciences possess. 
As to the different philosophic truths which the various systems of 
philosophy inculcate, we shall not admit them any farther than 
they can he expressly invested with a mathematical character, that 
is to say, with the evidence by which these philosophical truths are 
transferred into mathematical truths. In a word, we will not adopt 
any thing from philosophy hut that which can receive directly, or 
at least indirectly, the mathematical character, and which shall thus 
become, in some respects, on object of the Mathematics themselves. 

Evidence, then, we repeat, that, distinctive characteristic of 
mathematical truths, shall be oar only philosophical principle; 
that is to say, the only rule by which we shall investigate and 
determine the different results, as well those which concern tlu* 
Mathematics themselves, as those which concern the philosophy 
of the mathematics. And it is according to this infallible rule, 
that we shall succeed in discovering the true system of mathe- 
matical knowledge, which ought to constitute the model of the 
absolute system of human knowledge. 

This prerogative of mathematical knowledge, to have evidence 
as its distinctive characteristic, and thus to become infallibly 
certain to man, is one of the great benefits derived to us from the 
creation. Without speaking of the infinite beauty which results 
from thence in every part of the immense system of the mathema- 
tical sciences, and which every where discloses, with a striking 
brightness, the intelligence of the Creator, we may remark that 
this absolute characteristic of mathematical knowledge lias to this 
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day guided and sustained man, in t he long developement of the 
supreme destiny which he pursues upon earth. In fact, it seems 
unwarrantable to suppose, that this destiny of man can he any 
thing but the developement of his knowledge, to fit him to pene- 
trate into the great end for which he was created.* And in this 
developement, mathematical knowledge, J>y establishing a standard 
of certainty, has incontestably served as a torch to light him to 
the present day. Still, at present, as we have just seen, it remains 
to the Mathematics, in their philosophical part, to discover the 
true system of mathematical knowledge; a discovery which 
becomes decidedly possible by the absolute character of this know- 
ledge, that is to say, by the evidence which is attached to it. Now, 
as we have equally seen, this discovery, when it shall be achieved, 
will offer finally lo man, the model of his absolute knowledge, 
and will thus bring him towards the end of that destiny, of which 
true philosophy can alone calculate the immense extent. 

This sublime function of tin* mathematical sciences, in serving 
as a guide to man, in the developement of his destiny, is above all 
value, and consequently, cannot be brought into comparison 
with this utility, already so great, which the Mathematics offer, 
in their application to the other sciences. We cannot better 
appreciate this sublime fund ion of the Mathematics, than in 
acknowledging, that their absolute characteristic, evidence , is a 
species of divine manifestation. And, under this aspect, this 
benefit conferred by the creation comes to range itself next to 
that of the Divine revelation of religious truths. 

* We cannot, in fact, assign the sciences any func tion more elevated than that of 
rendering the mind of inan lit to conceive, with force, the importance of religious truths. 
This noble func tion of (he scienc es has been overlooked to the present day ; and if we 
are net deceived, the abuse to which it ha* hern lurnrd in order to favour doctrines 
hostile to religion, is principally owing to this circumstance, that in thc*e days, when 
the sciences have received the greatest dcvclopcments, the culture of their philosophical 
principles, which would have discovered their high vocation, has I con generally 
neglected. 
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